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Abstract

Coalescence times for air bubbles rising through hexadecane to an air-hexadecane interface are measured and compared with an analysis based
upon our previous extension of continuum mechanics to the nanoscale [J.C. Slattery, E.-S. Oh, K. Fu, Chem. Eng. Sci. 59 (2004) 4621-4635]
with the assumption of retarded dispersion forces. The relation between the retarded and non-retarded Hamaker constants proposed by Gorner

and Pich [J. Aerosol Sci. 20 (7) (1989) 735-747] is tested for the first time.
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1. Introduction

Coalescence plays a crucial role in many industrial proc-
esses. The rate at which drops or bubbles, suspended in a liquid,
coalesce is important to the preparation and stability of emul-
sions, of foams, and of dispersions; to liquid-liquid extractions;
to the formation of an oil bank during the displacement of oil
from a reservoir rock; to mineral flotation.

Usually, coalescence can be thought of as occurring in three
stages:

(1) approach of one drop or bubble toward another or a fluid—
fluid interface,

(2) formation of a fluid film of the continuous phase,

(3) thinning and rupture of the thin film.

Recent reviews of coalescence have been given by Leal [1] and
Slattery et al. [2, Section 3.3.3]. In what follows, we will fo-
cus on the more restricted problem of coalescence as a drop or
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bubble approaches an extended interface, emphasizing the de-
formation of the thin film as rupture is approached.

Hahn and Slattery [3] have followed Lin and Slattery [4] and
Hahn et al. [5] in constructing a more complete analysis for
the effects of the surface viscosities upon the coalescence time.
Their qualitative conclusions are the same as those of Hahn and
Slattery [6] described above, but they observe that the neglect
of film dimpling by Hahn and Slattery [6] leads to serious er-
rors. This is consistent with the better agreement found between
the computations of Hahn and Slattery [3] and the experimen-
tal observations of Li and Slattery [7]. Li [8,9] had extended the
model of Hahn et al. [5] to study the effects of surface tension,
surface viscosity, surface diffusion and London—van der Waals
forces on coalescence.

1.1. Introduction: Views or models of the interface

How we correct for the effects of the long-range intermole-
cular forces depends upon our view or model of the interfacial
region. Expanding upon the discussion of Slattery et al. [2,10]
identify six views or models of the interfacial region, each hav-
ing its own somewhat different notation.
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The most realistic view of an interface is as a thin, three-
dimensional region. There is a smooth transition of the ma-
terial’s density and stress-deformation behavior through
this interfacial region from one phase to the other. Because
it is so thin, it is extremely difficult to study experimentally
the material’s behavior in the interfacial region, except as
the critical point is approached [11-15]. With this point of
view, ,0(1 ), v and T@ denote the true interfacial density,
velocity and stress tensor in the interfacial region.

In the second view or model, we recognize that, since we
have no way of knowing the true material behavior of the
interfacial region, we will use bulk descriptions of material
behavior corrected for the effects of long-range intermole-
cular forces from the adjacent phases. By p/-bull) y(Z.bulk)
and TUPU0 e indicate the density, velocity and stress
tensor observed in the interfacial region (/) using bulk de-
scriptions for interfacial behavior.

Note that, with this point of view, the interface is three-
dimensional as in view (i). Consistent with view (i),
TN s a continuous function of position in passing
from the interfacial region to the bulk material.

For the sake of simplicity and clarity, we focus on quasi-
static systems and ignore effects of gravity. With this point
of view, the differential momentum balance reduces to

div T(I,bulk) + b(corr) =0, (1)

where b(°™ is the body force per unit volume introduced

to correct for the use of bulk material behavior in the in-

terfacial region.

In order to illustrate the estimation of b°™  consider the

two cases shown in Fig. 1.

(a) For the two phases shown in Fig. la, in estimating

b{A-com we will

e subtract the force per unit volume at a point in phase
A attributable to that portion of phase A that has
been replaced by phase B, and

e add the force per unit volume at this same point in
phase A attributable to phase B.

In reality, the effective replacement region R®) may

be no more than 100 nm thick, since outside this re-

gion the intermolecular forces between phases A and

B go to zero.

Let us now consider the thin film as shown in Fig. 1b.

In order to estimate b{4-€o™ e will

(b)

(iii)

(v)

e subtract the force per unit volume at a point in phase
A attributable to that portion of phase A that has
been replaced by phase C and phase B,
e add force per unit volume at this same point in
phase A attributable to phase C, and
e add force per unit volume at this point in phase A
attributable to phase B.
For more about view (ii) and how it can be applied, see
Slattery et al. [2, Section 3.3.1].
In the third view or model, the interfacial region is de-
scribed by a two-dimensional dividing surface. The ef-
fects of long-range intermolecular forces are taken into
account by introducing excess quantities, such as a sur-
face tension or energy y, in the dividing surface [2, Sec-
tions 1.3.5 and 2.1.6]. The dividing surface now becomes
a two-dimensional representation of the interface.
Ignoring inertial forces and gravity (for example), the dif-
ferential and jump momentum balances become [2, Sec-
tion 2.2.1, Appendix B]

divT =0, 2)
Veoyy +2Hy& +[T§] =0, (3)

where V(4 denotes a surface gradient, y is the surface ten-
sion, H is the mean curvature of the dividing surface, and
& the unit normal to the dividing surface X'. The boldface
brackets denote the jump of the quantity enclosed across
the interface between phases A and C:

[Ag]EA(A)E(A) +A(C)€(C), 4)

where &) is the unit normal to the interface pointing into
phase i. By p, v and T we mean the density, velocity,
and stress tensor determined using bulk descriptions of
material behavior and excess properties such as y in the
dividing surface to correct for long-range intermolecular
forces rather than b(o™

Note that the view inherently assumes that all effects of
long-range intermolecular forces from the adjacent phase
are incorporated in the surface tension or energy y. By T
we mean that the stress that would be observed with no
further correction for long-range intermolecular forces.
The fourth view or model is again view (iii), in which one
enforces consistency with view (ii). Comparing (1) and (2)
and observing that [2, Section 2.2.2]

b(corr) — _v¢(con) (5)

(@)

(b)

Fig. 1. For simplicity, the dividing surfaces and the two singular surfaces for each interface are shown as a single curve. Two cases are illustrated. (a) Two semi-infinite
phases A and B. (b) Two semi-infinite phases A and B separated by a thin film of phase C.
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we conclude that [10]

T= T(I,bulk) o d)(COI’r)I. (6)
This means that the differential momentum balance takes
the form

divT =0,

div(T(I,bulk) _ @(COIT)I) — 0, (7)

and that the jump momentum balance becomes

Viey +2HyE +[TE] =0,

Vieyy +2Hy& + [(TUP0 — pComy)g] = 0. 8)
Slattery et al. [2, Section 2.2.2] conclude that

o0 —5(AB)
y= / @ Acom ) 4 / @ (B.com g 9)
0 —00

For more about view (iv) and how it can be applied, see
Slattery et al. [2, Section 3.3].

(v) As Slattery et al. [2, Sections 2.2.6 and 2.2.7] explain, this
model is most easily understood as a derivative of view (ii).
The effect of long-range intermolecular forces is partially
accounted for by introducing a dividing surface and a sur-
face tension or energy y°°, the interfacial tension observed
for a single interface with unbounded adjoining phases.
The remainder of the effect is taken into account with a
body force correction per unit volume [2, Section 2.2.7]

b(corr)oo — _vq)(corr)oo_ (10)
We conclude that the differential momentum balance takes
the form

diV(T(I,bulk)oo —_® (corr)ooI) =0 (1 1)

and that the jump momentum balance becomes
Vioyy™ +2Hy € + [T P9%g] = 0. (12)

For more on this point of view and how it can be applied,
see Slattery et al. [2, Sections 2.2.3 and 3.3].

(vi) The sixth view or model is similar to view (iii), but all
excess properties such as y are determined empirically.

1.2. Retarded dispersion forces

Intermolecular forces can be categorized as either short-
range (electrostatic and steric repulsion) or long-range (gravi-
tational, electrostatic, and dispersion). We will focus on disper-
sion forces, which are also known as dispersion forces between
neutral molecules, van der Waals dispersion forces, “London
forces, charge-fluctuation forces, electrodynamic forces, and
induced-dipole—induced-dipole forces” [16, p. 83]. Interesting
reviews of dispersion forces have been given by Israelachvili
[16] and by Bowen and Jenner [17].

If r is the intermolecular distance, the intermolecular po-
tential for dispersion forces is inversely proportional to r® for
r < 5 nm. But for » > 5 nm, one should expect the dispersion

forces to be retarded [16, pp. 197-198]. Retardation occurs,
where the intermolecular distance is sufficiently large that the
time required for the electric field of one dipole to reach a
second and return is comparable to the period of the fluctuat-
ing dipole [16, p. 106]. Because the critical film thicknesses
(the film thickness at which an instability develops resulting
in coalescence) measured or predicted by Allan et al. [18],
MacKay and Mason [19], Vrij [20], Ivanov et al. [21], Burrill
and Woods [22], and Chen et al. [23] are typically larger than
12 nm, we expect that the point-to-point forces are retarded.

Casimir and Polder [24] were the first ones to describe re-
tarded dispersion forces with a monotonically decreasing func-
tion of r. But two different approaches developed.

Russel et al. [25] and Mahanty and Ninham [26] still as-
sumed that the intermolecular force potential was inversely pro-
portional to 7°, but they recognized that the proportionality fac-
tor was a monotonically decreasing function of r [25, p. 154].
This has the distinct advantage that the dispersion force poten-
tial varies smoothly as a function of » between the retarded and
non-retarded cases.

Following Casimir and Polder [24], Zimon [27] and Gorner
and Pich [28] recommended force potentials for retarded dis-
persion forces that are inversely proportional to r’, in which
the retarded Hamaker constant B is not a function of r. Al-
though such force potentials do not vary smoothly between the
retarded and non-retarded cases, they are easier to implement, if
one is concerned only with the retarded case as in coalescence.
Gorner and Pich [28] employed the retardation correction func-
tion of Overbeek [29] and derived the relation between retarded
(B) and non-retarded (A) Hamaker constants

2450 A

o 40m?
Here Ay is introduced as the “London wavelength” without a
further definition. We will say more about this in our conclu-
sions.

In what following, we will adopt view (v) discussed in Sec-
tion 1.1. Retarded intermolecular forces have been incorporated
into the computation for coalescence time of air bubbles ris-
ing through n-hexadecane. In the process, the retarded Hamaker
constant becomes an adjustable parameter.

13)

1.3. Correction potential ® ™™ for view (v) with
retardation effect

Let us assume that the thin film shown in Fig. 2 is bounded
by parallel planes; its thickness is the difference between h
and k5. Slattery et al. [2, Section 2.2.7] show that in region A

B(ACB) _ B(AC) +B(CC) _ B(BC)

¢(A,c0rr)oo — 14
107 (z2 — ho)* (1
and in region B
@ (B.comoo _ B(BC) _ B(ACB) _ p(CC) 4 B(AC) (15)
107z (hy — z2)*
and in region C
q)(C,corr)oo =0. (16)
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Fig. 2. A thin film bounded by two parallel, plane interfaces.

Here BMXCB) denotes the effective, Lifshitz type, retarded
Hamaker constant [17] for species A and B interacting across
an intermediate phase C. If there is no intermediate phase or
the intermediate phase is a vacuum, we use the notation B5)

2. Analysis

In what follows, we will focus on coalescence as a drop or
bubble approaches an extended interface, emphasizing the de-
formation of the thin film as rupture is approached. We will
conclude with a comparison of our simulation with the results
of a new experimental study of coalescence time, the time that
a bubble appears to sit at an interface before the film ruptures
and the bubble disappears. While the literature describes many
experiments, to our knowledge none is suitable for testing our
theory.

Fig. 3 shows the liquid film formed as a small drop or bubble
approaches a fluid—fluid interface. Our objective is to determine
the shape of this film as it drains with time. The solution that
follows is a variation on that given by [4,5], now explained in
the context of view (v) of Section 1.1.

In carrying out this computation, we will make a number of
assumptions.

(1) Viewed in the cylindrical coordinate system of Fig. 3, the
two interfaces bounding the draining liquid film are ax-
isymmetric (i =1, 2):

z=hi(r,1). a7
(i) The dependence of h; (i = 1,2) upon r is sufficiently
weak that
ah; \*
(—l) <1 (18)
ar
(iii) Introducing
h=h(r,t)=h| — hy, (19)
let R be the rim radius of the drop such that
oh
atr=R=R@): —=0. (20)
ar

The Reynolds lubrication theory approximation applies
in the sense that, if

ho = h(0,0) 21

z

Phase B

t
|
|
|
|
|
| /

i z=hy(r,t)
|

Phase D (Drop)

Fig. 3. A symmetric drop or bubble (phase D) moves through a liquid (phase C)
as it approaches a fluid—fluid interface (between phases C and B). The configu-
ration of the drop—fluid interface is given by z = h (r, t); that of the fluid—fluid
interface by z=hy(r, t).

and
Ry = R(0) (22)

we will require

ho \ 2
(R_o) < 1. (23)

(iv) There is surfactant present in both interfaces. The re-
sulting interfacial tension gradients are sufficiently large
that the tangential components of velocity v are zero
(i=12)

atz=~h;: P-v=0. 24)

Here P is the projection tensor that transforms every vec-
tor on an interface into its tangential components. The
interfacial tension gradient required to create such an im-
mobile interface is very small [4,5,30,31]. We will con-
sequently assume that at the same radial positions the
interfacial tensions in the two interfaces are equal. In this
limit, the results developed will apply both to a liquid
drop approaching a liquid-liquid interface and to a gas
bubble approaching a gas-liquid interface, since all cir-
culation within phases B and D in Fig. 3 is suppressed.

(v) The effect of mass transfer is neglected.

(vi) The pressure pg within phase B, the drop or bubble, is
independent of time and position. The pressure within
phase A is equal to the local hydrostatic pressure py,
which is also assumed to be a constant.

(vii) Phase C is an incompressible, Newtonian fluid, the vis-
cosity of which is a constant.

(viii) All inertial effects are neglected.

(ix) The effects of gravity and of electrostatic double-layer

forces are neglected within the draining film, although of
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course the bubble itself rises as the result of gravitational
forces.

(x) The pressure within the draining film approaches its local
hydrostatic value beyond the rim where the Reynolds lu-
brication theory approximation (assumption (iii)) is still
valid. At this point, (r = Ry,), the two principal curva-
tures of the drop are constants independent of time,

oh oh
atr = Ry —=<—> , (25)
or or /),—o
32h 32h
tr=Rjp: —=|—= . 26
ar b 502 <8r2> -0 (26)

(xi) Experimental observations [18,32] suggest that there is a
time at which the thinning rate at the rim is equal to the
thinning rate at the center. At time ¢ = 0 in our computa-
tions, the thinning rate is independent of radial position.
For ¢ > 0, the thinning rate at the center is always less
than the thinning rate at the rim as the result of long-range
intermolecular forces.

(xii) The drop is sufficiently small that it may be assumed to
be spherical. This is equivalent to assuming that the Bond

number
ApgRy?
Npo=——7—< 1. 27
Y
Here
Ap=pP) —p© (28)

is the magnitude of the density difference between the
drop or bubble phase D and the continuous phase C,
g the magnitude of the acceleration of gravity, R, the
radius of the drop, and y*° the equilibrium interfacial
tension.

(xiii) Within each phase, the correction for long-range inter-
molecular forces is taken from Slattery et al. [10] and Oh
et al. [33].

(xiv) Because the critical film thicknesses measured or pre-
dicted by Allan et al. [18], MacKay and Mason [19],
Vrij [20], Ivanov et al. [21], Burrill and Woods [22], and
Chen et al. [23] are typically larger than 12 nm, we expect
that the point-to-point forces are retarded.

(xv) In discussion the thin liquid film formed in the neigh-
borhood of the common line, we will employ view (v) of
Section 1.1. The correction for long-range intermolecular
forces from the adjacent phases will be taken from Slat-
tery et al. [2, Section 2.2]. We will consider neither steric
forces nor perturbations to the correction for intermolec-
ular forces attributable to trace amounts of surfactants.

In constructing this development, we will find it convenient
to work in terms of these dimensionless variables:

r z h .
PRy Yy MEgy WEHRG=12),
(©)
p Po
hW=n * T x _
1 25 14 (C)U(% Po p(c)v(z),
p*: DPh U*: v_r U*Z R()Uz
' p©v" " v’ Y hovo
= tﬂ * = R
RO ’ VOO ’
(i,corr)oo* @ (i-comoo p(C) + @ (C.comjoo
RS = — ’
)O(C)U()z ,O(C)Ug
pr o POEOEEX L oo
T @ T T pO2
0 0

and dimensionless Reynolds, Weber, and capillary numbers

p©voRo P ©v3 Ry
Nre = Tv We=—_" >
HVo
Nca = T (30)

Here H; (i = 1,2) are the mean curvatures of the interfaces.
The characteristic speed vg will be defined later.

Equation (17) suggests that we seek a solution in which the
velocity distribution takes the form

v =r(rt, 25 1),
v =i, 25 1),
vy =0. (31)

Under these circumstances, the differential mass balance for an
incompressible fluid requires [34, p. 50]

1 a(r*vy)

9t 8z

In the limit of assumptions (iii) and (viii), the r*-, -, and
z*-components of the differential momentum balance for an

incompressible, Newtonian fluid with a constant viscosity re-
duces for creeping flow to [34, p. 52]

=0. (32)

aP* 1 82 *
P v’, (33)
or* NRe ho dz*2
oP*

=0, 34
50~ (34
oP* 1 3%

=— . 35
9z Nre 9 Z*Z (35)
Here we have neglected the effects of gravity within the drain-
ing liquid film (assumption (ix)), and we have represented the
correction for long-range intermolecular forces as described in
assumption (xiii). Equations (33) and (35) imply
oP* < P

az* ar*

and the dependence of P* upon z* can be neglected. Note that
the scaling argument used to neglect inertial effects (assump-
tion (viii)) in arriving at (33) and (35) is presumed not to be
the one ultimately used here. For this reason, we will regard the

(36)
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magnitude of Ny and the definition of vg to be as yet unspeci-
fied.

The jump mass balance is satisfied identically, since we de-
fine the position of the dividing surface by choosing p®) =0
[35] and since the effect of mass transfer is neglected (assump-
tion (v)). The jump mass balance for surfactant is not required
here, since we assume that the interfacial tension gradient de-
veloped in the interface is so small that its effect and the effect
of a concentration gradient developed in the interface can be
neglected (assumption (iv)).

With assumptions (v) and (vi), the jump momentum balance
for the interface between phases B and C reduces to

Vv +2H1yE — (T + ppl) - & =0. (37

Here & is the unit normal to the interface pointing out of the
liquid film. Under the conditions of assumptions (ii) and (iii),
the r- and z-components of (37) assume the forms at z* = 1}

oy* ho Z)hf ho 8h;
_ 2_H* * _ N Y * _ *
ar* Ry R4 ar* We Ro (p ph) or*
Ro 0v}
22— 38
@ B (33)
and
ho 0hy ay* v}
—_—— 2HYy* + N *— pf) —2Neg—=
Ro or* or +2H{y" + We(P Ph) cag o«
dvy dhy
+ Nea— =0. (39)
az* or*

The 6-component is satisfied identically. Adding (ho/Ro)(dh7/
ar*) times (39) to (38) and recognizing assumptions (ii)
and (iii), we have

oy* Ry ovr
tz*=hf: —— — Ng——==0, 40
BT e T g e “
so that (38) implies!
atz*=h}: 2H{y*+ Nwe(p* — p}) =0. (41)

In a similar fashion, we can also see that the jump momentum
balance for the interface between phases C and A reduces to

oy* Ry ovr
tz*=hy — — L =0, 42
TR e Ty e @
atz*=nhy 2H)y* — Nwe(p* - ps) =0. 43)

I In arriving at (40) and (41), it was not necessary to make any statement
about the relative magnitudes of N¢y and Ny or the definition of vy. But some
statement is necessary, in order to establish consistency with (39).

Substituting (40) into (39), we have

dv* ohy vy
* r 1 z
2H1 y* + Nwe(p* _pz) +2ch<§ e g)

It follows from (64), (65), and (68) that

du* 0hr  Ju¥
|2H1*y*|>>‘2Nca( o Z)

oz* ar* oz

in agreement with (41).

We will recognize assumptions iii and iv to say

atZ*Zh;: v:=0(i=1,2) (44)

and we will employ (40) and (42) to calculate the interfacial
tension gradient required to create the immobile interfaces as-
sumed here.

Since we neglect the effect of mass transfer on the velocity
distribution (assumption (v)),

* * * ah: ah: * .
atz" =h;: v = o T 5 v (i=1,2). 45)
Note that
N ., Oh*
atr* =R": =0, (46)
or*
on*  9hy
atr* =0: = =0, 47)
ar* ar*
and
ap*  IP*
atrr=0. L _°T _ (48)
ar* ar*

Equations (41), (43), and (48) together with assumptions (ii)
and (iv) imply
d(H! — H3) _1ho 1 on*
ar* 2 Ro r*2 9r*
1 8%h*  33h*
+ —) =0. 49)

> a2 | gre3

atr* =0:

Solving for the third derivative and applying L'Hospital’s rule
shows us that

3n*
* __ ). —
atr™ =0: m = (50)
or alternatively
?*h* 1 on*
atr* =0: — (51)

a2 rr o

According to assumption (x), there is a point r* = R} > R*
where the pressure p* within the draining film approaches the
local hydrostatic pressure in the neighborhood of the drop and
the effects of the London—van der Waals force disappear,

atr*— R;: p*— pp, h}—0. (52)

Assumption (x) also requires that
on* on*

= ; (53)
ar* or* ) w—o
P (9%h* 54
ar 2\ 82 ) ,._y

The initial time is to be chosen by requiring (assump-
tion (xi))

* *.
atr =Rh.

* *.
atr =Rl’l

*

oh
= t. 55
Py cons (55)

att* =0:

Since the drop is sufficiently small to be assumed spheri-
cal (assumption (xii)), the jump momentum balance requires
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[see (43)]

2
NweR};’

*

Ph—DPy=— (56)
where R} is the radius of the bubble or drop. Because surface
tension is assumed to be nearly independent of position by as-
sumption (iv), (42) implies that the effects of viscous forces
can be neglected in the jump momentum balance (see preced-
ing footnote).

An integral momentum balance for the drop requires (for
more details, see [31])

R}
e e es (RO?Apg2, .3
Nca/(p = pj)r*dr =T§(Rb) : (57)
0
If
Ry = lim R, (58)
— 00

we would expect from (41) and (43) that

1
ast* —o0o:  p*— py— E(p;—pg) for 0 <r* <R}

(59)
and from (52) that

ast*— oo p*— pj forr*> R} (60)
Recognizing (56), (59), and (60), we find that (57) gives [36]

EA,OgROZ 1/2R*2
3y b

ast* — oo: R*—)R}:( (61)
Given Rjp, we determine Ry by requiring (61) to be satisfied
(since Rg drops out of this equation). We identify Ry = Ry / R}.

For the sake of simplicity, let us define our characteristic
speed

u

Vo= ———, (62)
p© Ry
which means
’uz
NRe:]s NWecha:W' (63)

Note that we have not used this definition for vg or this defini-
tion for NRe in scaling the Navier—Stokes equation to neglect
inertial effects (assumption (viii)). The scaling argument re-
quired to suggest a priori under what circumstances inertial
effects can be ignored would be different, based perhaps on the
initial speed of displacement of one of the fluid—fluid interfaces
calculated at the center of the film.

Our objective in what follows is to obtain a solution to (32)
and (33) consistent with (41), (43) through (47), (50) through
(55), and the second portion of assumption (xi). Given R}, we
determine Ry by requiring that, as t* — oo or just prior to the
development of an instability and coalescence, (61) be satisfied;
we identify Ry = Ry/ R}. Note that, in addition to physical
properties, only one parameter is required: Rp.

Integrating (33) twice consistent with (44), we find in view
of (63)

* 1 ho 28,7)* * * * * * 7k

Substituting (64) into (32) and integrating once, we have

. (o) 7P
== 72\Ro/ Lor?

Z*3 1 * *\ _*2 *7 Kk _*
X ——E(l’l1+h2)z +h1h2Z

1 873*:|

r* or*

3
(e
ar* ar*  dr* ) 2
+ (ahT h5 + h*a—hg)z*} } - C@™ (65)
ar 2 g ’

in which C(r*) is an as yet undetermined function of r*.
With (64) and (65), Eq. (45) tellsus (i =1, 2)

ohy 1 (ho\? 327>*+
ar* 2\ Ry ar*2

1 1
x |:—h.*3 — 5 (0 + H3)ni* + hfhghi*}

1 873*]

r* or*

3
aP* [_<ah; N ah;)h,_f2
ar* ar*  arx ) 2
+ <8h‘; hs+h Ok )h‘f} } —C@™ (66)
ar* 2 Tl )

and the difference of these two expressions gives

oht _(ho\[ 1[0 1Pt

ot* Ro 12| 9r*2 r* or*
0l 9P

4 o ar |

(67)

Taking the difference between (41) and (43), recognizing
(56) and (63), and applying the appropriate expressions for the
dimensionless mean curvatures H* (i = 1,2) as well as as-
sumption (ii), we see

1
N p* _ p* + _*
0" =)+ 7
= Nea(P* = P§) — Nea[ @07 (3)

_(D(B,corr)oo*(hé)]_i_ 1

R
* 1
— Nca(P* _ P(;) +Ncaq>(B,corr)oo (hE) + F
b
. . B* 1
=NalP"=P0) = jia +
1hgo 1 0 oh*
=22 (). (68)
2 Ro r* or* or*

In writing this, we have used the results of Slattery et al. [2,
Section 2.2.7, exercise 2.2.7-2] in particular. We have also taken
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y* = 1 by assumption (xiv), and we have defined

RoB
Y= %, (69)
10y *hg
where, neglecting interactions with the gas phases A and B,
B = (B(ACB) _ B(AC) + B(CC) _ B(BC)) — B(CC). (70)

Inserting (68) into (67), we discover

_an _lh*3(Lah* L 29w 84h*>
ar*’ 3 r*3or* 292 g3 g4
LR (1 anr 1 3%k ¥h*
+h -t =+ —=
ar* ( r*2 9rc  r* 9r*2 8r*3)
+§B*[ii3h* +L@_i<3_h*ﬂ
3 r*h*ors b or*2 p*3\ or* ’
(71)
where
*/ _ I ho :
"= SP(C)R(%Nca (R_O) . (72)

Note that, after an application of L'Hospital’s rule with full
recognition of (47), (50), and (51), we obtain

on*  8h*3 0*h* 16 B* 9%h*

' 9 9r*t 3 h* 9+
Our first objective is to calculate the initial dependence of A*

upon radial position consistent with assumption (xi). Recogniz-

ing that the rate of thinning is independent of radial position at
the initial time, we can use (71) and (73) to say at t*' =0

8(a4h*> +16B*<a2h*)
3\0r** ) .o ar*? ).

limit r* — 0: — (73)

1 ar* 1 8%h* 2 83h*  o*m*
— h*3 o - +
r*30r% A2 gpx2  pr gpr3 0 gpré
ah* 1 ah* 1 9%h*  3m*
3h*2 - = 4T 47
+ ar* ( r*2 or* + r* ar*2 + 3r*3>
11 ah*  18%h* 2 [dh*\?
8B*| — — - = (=) | 74
+ |:r* h* or* + h* or*2  h*3 (8r*> :| 4

We require the result be consistent with (47), (50), and (46) in
the form

N oh*
atr*=1: =0 (75)
ar*
and with (52) expressed as
P B BN}/ 2 R}
asr* — R: ——|r - ——, (76)
r* or* or* Ry ho

where p; has been determined by (56) and p* by (68).
In order to integrate a finite-difference form of (74), we re-
place (76) by

9Zn*

*x __ 1. —
atr* =1: Py

C, (77

where C, which is the difference between the sum of the prin-
cipal curvatures for interface 1 and the sum of the principal
curvatures for interface 2, is a free parameter, the value of which
will be determined shortly.

For each value of C, we can determine for a given value
of B* a tentative initial configuration of the film by integrating
(74) consistent with (47), (51), (75), and (77). The dimension-
less radial position at which the pressure gradient becomes neg-
ligible is tentatively identified as Rj,, subject to later verification
that assumption ii is still satisfied at this point.

Equation (71) can be integrated consistent with each of these
tentative initial configurations, (47), (51), (25), and (26), the
latter two boundary conditions first having been made dimen-
sionless. Equation (46) permits us to identify R* as a function
of time; R* is the value of R* as t*' — oo, which can be
obtained from our numerical computation. We employed the
Crank—Nicolson technique [37]; accuracy was checked by de-
creasing the time and space intervals. We used Ar* = 0.02 and
Ar*' =0.02 to 0.05.

For a drop freely approaching a liquid-liquid interface un-
der the influence of gravity and of a disjoining pressure that is
greater than or equal to zero, R, is measured and R is deter-
mined by [4,36,38]

A 12
ast*’ — o0 R— Ry= (—%) (Rp)?. (78)

R*f is independent of the magnitude and sign of the disjoin-
ing pressure. There is no reason to believe that the initial film
radius Ry should be dependent upon the magnitude or sign of
the disjoining pressure. It follows that R must also be inde-
pendent of the magnitude and sign of the disjoining pressure.
This implies that (78) is valid for the case of a negative disjoin-
ing pressure as well, in the limit as the time at which the film
ruptures is approached.

Having determined Ry from (78) and R} = 1.1 from our nu-
merical computation, we can identify Ry = R r/ R}. From our
numerical computation, we obtain 1/r*[d/dr*(r*oh*/or*)] =
12.58 which allows us to determine /¢ from (76).

In addition to requiring that at time *' = O the thinning
rate is independent of radial position, assumption (xi) demands
that for #*' > 0 the thinning rate at the center is always greater
than the thinning rate at the rim, so long as the effects of any
disjoining pressure are negligible. Our numerical computations
indicate that, for sufficiently small B* > 0, there is a minimum
value of C such that the thinning rate at the center is always
greater than the thinning rate at the rim in the early state of the
thinning process where the effects of the disjoining pressure
can be neglected. For each minimum value of C, there is a cor-
responding maximum value of /¢ for which the thinning rate at
the center is always greater than the thinning rate at the rim for
t*' > 0. We will choose this maximum value of 4 as our initial
film thickness at the center.

We must now check whether assumption (ii) is satisfied
at Ry; if it is satisfied here, it will be satisfied everywhere. It
is desirable to choose R} as large as possible, in order to make
the pressure gradient at this point clearly negligible. But if R}
is assigned too large a value, assumption (ii) will be violated.
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Fig. 4. Dimensionless film thickness, #*, as a function of dimensionless radial
position and dimensionless time for R; =1.69, B* = 10_7, C =5.05.

If assumption (ii) cannot be satisfied by reducing R}, C must
be increased. For this reason, h*(r*, t*’) is weakly dependent
upon the bubble radius and the other physical parameters that
enter (78).

We have from (43), (63), and (68)

1 8<*8h§) 11 8<*8h*> Ro 1

——|r =—=— r - —— (79)

r* or* ar* 2r* or* ar* ho Ry,

Given h*, we can integrate this consistent with (47) and (52) to

determine /3, the interface between phases C and D in Fig. 3.

Having found 43 and 2*, we can compute A7 by difference.
Finally, we can examine assumption (iv) that the interfacial

tension gradient required to achieve an immobile interface is

very small. Given (64) and (68), and either (40) or (42), we can

reason that

dy*  1(Ro\> ,[1 8 [1 a [, oh* 3B*
=—— ) {=———1|r +—-
ar* 2\ ho 209r* | r*or* | or* h*S

(80)

This can be integrated consistent with

y=1, (81)

which is in effect a definition for y*°.

Fig. 4 shows the dimensionless film thickness #* as a func-
tion of dimensionless radial position r* and dimensionless time
t* for R; =1.69, B* = 10~7, C = 5.05. The dimensionless
coalescence time ¢ is identified as the dimensionless time at
which the two interfaces touch or when 2* = 0.

* *.
atr :Rh'

2.1. Coalescence times

Let us define ¢}/ as the dimensionless time at which the film
thickness at the rim goes to zero or the dimensionless time at
which the film ruptures. We will refer to this as our dimension-
less coalescence time.

Our numerical computations express the relationship be-
tween the dimensionless coalescence time with dimensionless

Table 1

Experimental results for three different sizes of the bubble

Ry, £0.01 te £0.1 Ry, £0.01 te £0.1 Ry, £0.01 te £0.1
(mm) (s) (mm) (s) (mm) (s)
0.38 44 0.50 11.5 0.55 19.1
0.38 4.1 0.50 13.5 0.55 19.0
0.38 4.1 0.50 12.3 0.55 17.8
0.38 4.5 0.50 132 0.55 16.1
0.38 3.9 0.50 13.3 0.55 19.4
Hamaker constant as

7' =2.5x 1072 B*7046, (82)

In using this relationship, we recommend that (78) be employed
to identify

R A 1/2

Ro=—L =1.05(2£%) R (83)
1.1 yx

The dimensionless mean curvature at r* = R was generated in

our computation to be 12.58. This together with (76) and (83)

fix the initial film thickness at the center:

ApgRp>
ho=0.175=2820 (84)
14
In view of (72), (83), and (84), Eq. (82) may be rearranged as
M(Rb)4'06(Apg)0'84
t. =0.79 2138 046 (85)

Here p is the viscosity of the continuous liquid phase, Rj, the
radius of the bubble, Ap the density difference between the
continuous phase and the drop or bubble, y *° the interfacial ten-
sion, and B is the retarded Hamaker constant introduced in (70).

3. Experimental observations

A cylindrical container is partly filled with liquid hexade-
cane (99%, Sigma—Aldrich, Inc., St. Louis, USA). Air bubbles
are released from the tip of a hypodermic needle near the bot-
tom of the container. We photographed each bubble as it ap-
parently came to rest at the hexadecane—air interface. Bubble
diameters were measured in enlargements of these photographs,
which also included a reference scale. Our measured coales-
cence time was the time that the bubble appeared to sit at the
interface before disappearing. There were two reasons for the
variation in the coalescence times for bubbles of nearly the
same diameter. First, the instability leading to coalescence is
not symmetrical as assumed in our theory. Second, there is the
human response time in using a stopwatch. Table 1 shows the
coalescence time ¢, for three different bubble radii Rj.

4. Discussion

In order to use (85) to determine the coalescence time, we
employed (13) from Gorner and Pich [28] to estimate the re-
tarded Hamaker constants B. We estimated the non-retarded
Hamaker constant for hexadecane A = 5.23 x 10729] [39,
Table 4], the surface tension y*>° = 27.6 x 1073 N/m [40],
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Table 2

Comparison between experimental observation téeXP) (Table 1) and the predic-
tion 181 of (85)

Rp (mm) 1P (s) 17 (5)
0.38 £ 0.01 3.8t04.6 3.72 to 4.60
0.50 +0.01 11.4t0 13.6 11.6to 13.7
0.554+0.01 16.0 to 19.5 17.2 t0 20.0

the density p = 773 kg/m>, and the viscosity u = 3.34 x
1073 kgm~!s~! [41]. Gorner and Pich [28] did not define A7,
simply referring to it as the “London wavelength.”

In discussing retarded dispersion forces, Hirschfelder et al.
[42, pp. 963 and 967] introduce the “dominant wavelength” A,
noting that it and the corresponding dominant frequency must
be determined empirically, although they do estimate A “... is
of the order of 1200 A ...” This should be compared with the
estimate by Overbeek [29, p. 266] of ... 1000 A or thereabouts
...”or 1030 A an extrapolation from the visible spectrum to the
UV absorption frequency [39] and quoted by Israelachvili [16,
p. 200].

On the basis of this single study, we recommend using the
largest wavelength from the IR spectrum [43] when estimating
the retarded Hamaker constant B using (85). With this decision,
we have the comparison between theory and experiment in Ta-
ble 2. The range in predicted coalescence times is attributable
to the uncertainty in the measurement of the bubble radius.

5. Conclusions

(1) This appears to be the first time that (85) has been tested,
since to our knowledge no comparable experimental data
have been reported previously for bubble coalescence.

(2) This comparison between theory and experiment lends fur-
ther support for the theory of Slattery et al. [10], since no
adjustable parameters are required.

(3) This is the first test of (13) from Gorner and Pich [28],
which relates the retarded and non-retarded Hamaker con-
stants.
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Appendix A. Notations
Roman symbols

A, AAB) non-retarded Hamaker constant between species A
and B

b body force per unit mass

b(4-com) body force per unit volume at a point in phase A. This
is introduced to correct for the use of bulk material
behavior in the interfacial region

b(A.come pody force per unit volume at a point in phase A.
This is introduced to correct for the use of surface ten-
sion on a dividing surface

B, BB retarded Hamaker constant between species A and B
BUCB) retarded Hamaker constant for species A and B inter-
acting across an interface phase C

B* dimensionless retarded Hamaker constant introduced
in (69)

h film thickness

hy configuration of the fluid—fluid interface

ho configuration of the drop—fluid interface

hg film thickness at t =0 and r =0

H; mean curvatures of the interfaces

NBo Bond number defined by (27)
Nca capillary number defined by (30)
NRe Reynolds number defined by (30)
Nwe Weber number defined by (30)

P* dimensionless modified pressure defined in (29)
| projection tensor [2, Section A.3.2]
Po pressure within phase B
Ph hydrostatic pressure
cylindrical coordinate
r* dimensionless cylindrical coordinate
R rim radius of the drop
Ry rim radius of the drop at r =0
Ry radius of the drop
Ry dimple radius as t — 00
Ry, radial position where the pressure within the liquid

film approaches the local hydrostatic pressure in the
neighborhood of the bubble

t* dimensionless time

t predicted coalescence time defined by (85)

T bulk stress tensor using bulk description of material
behavior

T stress tensor using real description of material behav-
ior

TR gtress tensor using bulk description of material be-
havior, corrected for intermolecular forces from the
adjoining phase

TUbulk)oo gtress tensor using bulk description of material be-
havior, corrected for intermolecular forces from the
adjoining phase when the surface tension is introduced
to the dividing surface

v velocity using real description of material behavior

v{oul - yelocity using bulk description of material behavior,
corrected for intermolecular forces from the adjoining
phase

v velocity vector

) characteristic speed

Greek letters

g@ unit normal to the interface pointing into phase «
y surface tension (or energy)
o equilibrium surface tension

y™@©  surface tension between phases A and C
bulk viscosity of the liquid film
pD bulk density using real description of material behav-

101
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p-PuR) bylk density using bulk description of material be-
havior, corrected for intermolecular forces from the
adjoining phase

p @  density in phase «

p@ surface density on a dividing surface

Ap density difference between liquid film and the drop
A dominant wavelength

o non-retarded point-to-point potential

retarded point-to-point potential

CD(A com) net correction for intermolecular potential at a point
in phase A

@(A.com pet correction for intermolecular potential at a
point in phase A when the surface tension is intro-
duced to the dividing surface
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